Mechanistic models of stochastic gene expression are of considerable interest, but their complexity often precludes tractable analytical expressions for mRNA and protein distributions. The lac operon of E. coli is a model system with regulatory elements such as multiple operators and DNA looping that are shared by many operons. Although this system is complex, intuition suggests that fast DNA looping may simplify it by causing the repressor-bound states of the operon to equilibrate rapidly, thus ensuring that the subsequent dynamics are governed by slow transitions between the repressor-free and the equilibrated repressor-bound states. Here, we show that this intuition is correct by applying singular perturbation theory to a mechanistic model of lac transcription with the scaled time constant of DNA looping as the perturbation parameter. We find that at steady state, the repressor-bound states satisfy detailed balance and are dominated by the looped states; moreover, the interaction between the repressor-free and the equilibrated repressor-bound states is described by an extension of the Peccoud-Ycart two-state model in which both (repressor-free and repressor-bound) states support transcription. The solution of this extended two-state model reveals that the steady state mRNA distribution is a mixture of the Poisson and negative hypergeometric distributions which reflects mRNAs obtained by transcription from the repressor-bound and repressor-free states, respectively. Finally, we show that the physics revealed by perturbation theory makes it easy to derive the extended two-state model equations for complex regulatory architectures.
: The model scheme: The lac operon is assumed to have four states: A repressor-free state, denoted O, in which both the main operator O 1 and the auxiliary operator O 2 are free of repressor; two non-looped repressor-bound states, O 1 · R and O 2 · R, in which the repressor is bound to O 1 and O 2 , respectively; and a looped repressor-bound state O 1 · R · O 2 in which the repressor is simultaneously bound to O 1 and O 2 . +d 0 (m + 1) p m+1,2 − mp m,2 +v 0 p m−1,2 − p m,2 , (2) dp m,12
and the normalization condition is
where 72 p m ≡ p m,1 + p m,2 + p m,12 + p m, f
is the marginal mRNA distribution. Our goal is to determine the steady state marginal mRNA distributionp m . Singular perturbation theory exploits the existence of disparate time scales. In the lac operon, the looping propensity k O 1 O 2 is 76 much greater than the propensity for any other reaction (Table 1) . It is therefore conceivable that the repressor-bound states 
unchanged, but the evolution of the repressor-bound states is given by the new equations dp m,
and the normalization condition (Eq. 5) becomes
Henceforth, we shall work with Eq. 4, 8-11. 84 We apply singular perturbation theory to these equations by following the method developed by Rawlings and coworkers (28, 85 29). Multiplying Eq. 4 and Eq. 8-10 with the perturbation parameter
Next we substitute the power series expansions
in Eq. 11-15, and collect terms with coefficients 0 and 1 to determine the zeroth-and first-order relations.
Zeroth-order equations imply that the operon is completely repressed at steady state 90
Collecting terms with coefficient 0 yields the zeroth-order equations
and the zeroth-order normalization condition 
This is shown rigorously in Appendix A by solving Eq. 19-21 at steady state by the method of generating functions. Collecting first-order terms yields the first-order equations
It is clear from Eq. 27 that p (1) m,b , p (1) m, f are not probabilities, and hence Eq. 25-26 do not lend themselves to simple physical 106 interpretation. However, we show below that at steady state, the zeroth-and first-order solutions, taken together, imply that the 107 repressor-bound species satisfy detailed balance, and the interaction between the repressor-free and repressor-bound species is 108 described by the leaky two-state model.
109
At steady state, Eq. 22 holds, and Eq. 23-26 reduce to the simpler form
These equations can be solved forp (1) m,b andp (1) m, f by the method of generating functions (Appendix A), but we shall focus 111 hereafter on the physics revealed by these equations.
112
Eq. 28-29 imply that the repressor-bound states satisfy the principle of detailed balance to order . Indeed, multiplying Eq. 28-29 by and appealing to the zeroth-order relations
Bound states r Free state Figure 2 : The leaky two-state model. Like the two-state model, the operon switches randomly between the repressor-free and the repressor-bound states with propensities k 0 , k 1 , and the repressor-free state permits transcription with propensity v 0 . However, unlike the two-state model, the leaky two-state model also permits transcription from the repressor-bound state with a small propensity λv 0 .
yields the relations
which imply that to order , the steady state probabilitiesp m,b andp m, f satisfy the equations
Eq. 36-38 describe the steady states of the leaky two-state model (Fig. 2) 
The corresponding expressions for the repressor-bound state follow from two properties of repressor-bound species that were 130 obtained from perturbation theory, namely they are dominated by the looped species, i.e., p m,b ≈ p m,12 , and satisfy detailed 131 balance at steady state, i.e., 
and transitions from the repressor-bound to the repressor-free state, which can occur by two mutually exclusive pathways, 134 namely dissociation of the repressor from O 1 · R or O 2 · R, occur at the rate Table 1 , is in fact sufficiently small for the approximations to be good. 145 We confirmed that the steady state marginal distribution of the full model is well approximated by the perturbation-theoretic 146 solution to first order. It is shown in Appendix A that to first order, the generating function for the steady state marginal 147 distribution of mRNA is (Table 1) and (b, c) the presence of inducer (Table 1 with k a N reduced 10-fold and 20-fold in (b) and (c), respectively). Error bars represent 95% binomial confidence intervals (obtained using Wilson method) around the observed frequency of a particular mRNA count in simulations.
where (·) m is the rising factorial, m s ≡ v 0 /d 0 is the mean number of mRNAs synthesized per mRNA lifetime in the unregulated 149 operon (1, 2), and ζ 0 ≡ k 0 /d 0 , ζ 1 ≡ k 1 /d 0 denote the mean number of transitions per unit mRNA lifetime between the 150 repressor-bound and repressor-free states. We compared the steady state marginal mRNA distributions obtained from Eq. 43 151 with those obtained from simulations of the full model (Fig. 1) with no mRNAs present in the system) (34). Fig. 3a shows the steady state distributions calculated with the parameter values 154 in Table 1 for the uninduced lac operon (obtained in the absence of the inducer). Under this condition, the approximate and state distributions obtained from simulations and perturbation theory agree well even when k a N is decreased 10-and 20-fold.
160
The perturbation-theoretic solution is therefore valid for the uninduced and partially induced lac operon.
161
The steady state marginal distribution obtained from the perturbation-theoretic solution to first order is essentially identical 162 to the one obtained from the leaky two-state model (Fig. 3) . Their equivalence is easily understood by comparing their generating 163 functions. Indeed, it is shown in Appendix B that the generating function of the steady state marginal distribution for the leaky 164 two-state model is
where 1 F 1 (; ; ) denotes Kummer's hypergeometric function of the first kind. This generating function is essentially equivalent to 166 the generating function (Eq. 43) obtained from perturbation theory. Indeed, since λ 1, Eq. 44 can be rewritten as
However, since ζ 0 1, ζ 1 , we have (ζ 0 ) m+1 ≈ ζ 0 m! and (ζ 0 + ζ 1 ) m+1 ≈ ζ 1 (ζ 1 + 1) m , which imply thath(z) ≈g ( 
where the approximate results are obtained by appealing to the relations λ 1 and ζ 0 1 ζ 1 . Since λ and ζ 0 /
On the other hand, detailed balance at steady state implies that the mean frequency of partial dissociations per cell cycle is
for the time period 1/k 1 , so that the mean size of large transcriptional bursts is
and the mean frequency of the complete dissociations per cell cycle is
which implies that a c b c equals m s ζ 0 /ζ 1 , the second term of Eq. 45, and a c b 2 c equals ζ 0 (m s /ζ 1 ) 2 , the second term of Eq. 46. It 211 follows that Eq. 45-46 can be rewritten as
These equations show that partial dissociations contribute to the mean, but not the variance, because the resultant small state O 3 · R · O 1 (32, 33). We shall now appeal to the foregoing physical properties of repressor-bound states to show that at 220 steady state, the wild-type lac operon also follows Eq. 36-37, but λ, k 0 , and k 1 are now given by the expressions 
To determine the corresponding rates for the repressor-bound state, note that the repressor-bound states are predominantly in the 225 looped state, i.e., 
and satisfy the principle of detailed balance, i.e.,
Eq. 55-56 can be solved to obtainp
It follows from Eq. 59-61 that transcription from the repressor-bound state occurs at the rate
and transitions from the repressor-bound to the repressor-free state occur at the rate
These rate expressions imply that at steady state, the master equations describing the interactions between the repressor-bound 230 and repressor-free states of the wild-type lac operon are also given by Eq. 36-37, albeit with different parameter values given by Intuition suggests that due to fast DNA looping, the repressor-bound states of the lac operon are predominantly in the looped 237 state and satisfy detailed balance. In earlier work, we derived these results by a heuristic approach, and showed that the resulting 238 steady state protein distributions were in good agreement with stochastic simulations of the full model (27). We have shown 239 above that singular perturbation theory provides a rigorous justification for the foregoing approximations. More precisely, 240 application of perturbation theory shows that at steady state 241 1. To zeroth order, the operon is always in a looped state; in particular, the probabilities of the free and non-looped transcription at a small, but significant, rate.
246
The leaky two-state model equations can be easily solved to obtain simple and physically meaningful expressions for the mean, 247 variance, and the generating function of the mRNA distribution. Finally, the physics inferred from perturbation theory can be 248 also used to derive the reduced (leaky two-state) model equations for more complex regulatory architectures which obviates the 249 need for going through the intricate procedures of perturbation theory. This is a useful tool that is likely to facilitate the analysis 250 of complex mechanistic models with auxiliary operators and DNA looping. Adding Eq. 19-20 yields 258 dp (0)
We shall obtain steady state solutions of Eq. 20-21 and Eq. 64 by the method of generating functions. To this end, letp (0) m, f , 
where ζ 1 ≡ 2k a N d 0 , m s ≡ v 0 d 0 and, the boundary condition
To solve these equations, note that integrating Eq. 65 yieldsg (0) f (z) = C 1 e m s z / (1 − z) ζ 1 where C 1 is a constant of integration.
m, f ≤ 1, C 1 must be zero which implies thatg (0) f (z) = 0. Then it follows from Eq. 66-67 that 
A.2 First-order solution 267 To solve for the generating functions ofp (1) m, f andp (1) m , add Eq. 30-31 to get 268 0 = dp (1) 
where ζ 0 ≡ (1) (1) = 0.
Solving Eq. 72 under the constraint of boundedg (1)
which implies that
for all m ≥ 0. Now it follows from Eq. 73-74 that
where (·) m denotes the Pochhammer symbol (rising factorial). It follows from Eq. 77 that
and Eq. 76 implies that 
B STEADY STATE SOLUTION OF LEAKY TWO-STATE MODEL 280
Once again, it is convenient to replace p m,b by the marginal probability p m ≡ p m,b + p m, f , which evolves in accordance with 281 the equation 282 dp m dt
obtained by adding Eq. 36-37. We shall solve for the steady statesp m, f ,p m of Eq. 37 and Eq. 78. To this end, let h f (z) ≡ m z mp m, f ,h (z) ≡ z mp m , multiply both equations by z m , and sum over m to obtain at steady state
Moreover, since m p m = 1,h(z) satisfies the boundary conditionh(1) = 1. The above system of two first-order differential 283 equations can be reduced to the single second-order differential equation
)m s , the above equation reduces to Kummer's 285 standard differential equation
Sincef (0) = 1, we obtain the solutionf (v) = 1 F 1 (ζ 0 ; ζ 0 + ζ 1 ; v), which can be rewritten as
which implies that the steady state marginal distribution of mRNA is λ) ) . 
C OTHER PARAMETER COMBINATIONS ALSO RESULT IN LEAKY TWO-STATE MODEL
in Eq. 79-82, and collect terms with coefficients 0 and 1 to determine the zeroth-and first-order relations as follows. The 
dp (0) m,2 dτ = −p (1) m,2 − λ 1 p (1) m,1 + λ 1 p (1)
Using Eq. 86 in Eq. 88-89, at steady state 299 0 = dp (0) 
Above equations are formally identical to equations for a leaky two-state model and can be solved using the generating function 300 method. Notably, in this case, the leaky-two state model is reflected in the zeroth-order terms due to partial induction of the 301 operon.
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